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HOM-LIE STRUCTURES ON KAC–MOODY ALGEBRAS
ABDENACER MAKHLOUF AND PASHA ZUSMANOVICH
ABSTRACT. We describe Hom-Lie structures on affine Kac–Moody and related Lie algebras, and discuss
the question when they form a Jordan algebra.
INTRODUCTION
Hom-Lie algebras (under different names, notably “q-deformed Witt or Virasoro”) started to appear
long time ago in the physical literature, in a constant quest for deformed, in that or another sense, Lie
algebra structures bearing a physical significance. The last decade has witnessed a surge of interest in
them, starting with an influential paper [HLS].
Recall that a Hom-Lie algebra is an anticommutative algebra L with multiplication denoted by [ · , · ],
and with a linear map ϕ : L→ L such that the following Hom-Jacobi identity holds:
(1) [[x,y],ϕ(z)]+ [[z,x],ϕ(y)]+ [[y,z],ϕ(x)]= 0
for any x,y,z ∈ L. Variations of this notion assume, additionally, that the map ϕ is a homomorphism of
the algebra L, i.e.,
(2) ϕ([x,y]) = [ϕ(x),ϕ(y)]
for any x,y ∈ L, or that ϕ is an isomorphism. Such Hom-Lie algebras will be called multiplicative or
regular, respectively.
In this context, the following question arises: to describe all possible Hom-Lie structures on a given
Lie algebra L, i.e., all linear maps ϕ : L→ L such that the identity (1) holds. (As a more specific ques-
tion, one may ask for a description of all multiplicative, respectively regular, Hom-Lie structures, i.e.
those Hom-Lie structures which are, additionally, homomorphism, respectively, isomorphism). Ear-
lier, this task was accomplished for finite-dimensional semisimple Lie algebras of characteristic zero
([JL], [XJL]), for the two-sided Witt algebra, for Lie algebras of Cartan type, and for loop algebras
(all of them are infinite-dimensional Lie algebras of characteristic zero; see [XL]). Here we determine
Hom-Lie structures on affine Kac–Moody algebras. Though the final answer turns out to be not very
inspiring (all such structures are trivial, in a sense; see Theorem 3), some intermediate computations
and observations, we believe, are of interest.
The content of the paper is as follows. In the auxiliary §1 we show that the space of Hom-Lie struc-
tures on a Lie algebra L carries a natural structure of an L-module. In §2 we prove, in two different ways,
that finite-dimensional simple Lie algebras of classical type do not have nontrivial Hom-Lie structures
except of the case of sl(2). This result is not new, see [XJL]; our proofs however, are considerably
shorter than those in [XJL], do not use case-by-case considerations by types of algebras, and do not rely
on computer calculations. In §3 we describe Hom-Lie structures on Lie algebras represented as tensor
products of algebras over Koszul dual operads, in the case when one of the operads is commutative, and
another one is anti-commutative; current Lie algebras come as a particular case. In §4 we extend these
computations to untwisted affine Kac–Moody algebras, using their realization as extensions of current
Lie algebras of a particular type (tensor product of a simple finite-dimensional Lie algebra with Laurent
polynomials). In §5 we treat the case of twisted affine Kac–Moody algebras. In §6 we discuss when
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Hom-Lie algebra structures on a given Lie algebra form a Jordan algebra, a question raised in [XJL] and
[XL].
1. HOM-LIE STRUCTURES AS A MODULE
In what follows, the ground field K is assumed arbitrary, of characteristic 6= 2,3, unless it is stated
otherwise. All unadorned Hom’s and tensor products are understood over K.
Obviously, the set of all Hom-Lie structures on a given Lie algebra L forms a vector subspace of
End(L) = Hom(L,L), containing the identity map idL.
For any natural number n, we have the standard L-action on the space of n-linear maps Hom(L⊗n,L)≃
L⊗ (L∗)⊗n:
(3) y•ϕ(x1, . . . ,xn) = [ϕ(x1, . . . ,xn),y]−
n
∑
i=1
ϕ(x1, . . . ,xi−1, [xi,y],xi+1, . . . ,xn),
where x1, . . . ,xn,y ∈ L, and ϕ ∈ Hom(L
⊗n,L).
Lemma 1. For any Lie algebra L, the space of all Hom-Lie structures on L forms an L-submodule of
Hom(L,L).
Proof. Denote by Jϕ(x,y,z) the left-hand side of the Hom-Jacobi identity (1), considered as an element
of Hom(L⊗3,L). The statement of lemma follows from the identity
Jh•ϕ(x,y,z) = h• Jϕ(x,y,z)
which holds for any x,y,z,h ∈ L, and ϕ ∈ Hom(L,L) (note that the bullet at the left-hand side denotes
the action (3) on Hom(L,L), i.e. with n= 1, whereas the bullet at the right-hand side denotes the same
action on Hom(L⊗3,L), i.e. with n= 3). This identity is verified by a straightforward computation. 
The L-module of all Hom-Lie structures on a Lie algebra L will be denoted as HomLie(L); it always
contains a trivial submodule K idL.
Suppose that T is a torus in a Lie algebra L, and L = L0⊕
⊕
α∈RLα is the root space decomposition
with respect to the T -action. Then, according to Lemma 1, this action induces a semisimple action on
HomLie(L), with the corresponding root space decomposition
(4) HomLie(L) =
⊕
α∈R−R
HomLieα(L),
where R−R denotes the set of all differences between two roots in R, and
HomLieα(L) = {ϕ ∈ HomLie(L) |ϕ(Lβ )⊆ Lβ+α for any β ∈ R∪{0}}.
Another related observation is that the space of Hom-Lie structures is stable with respect to the stan-
dard action by conjugation of Aut(L) on End(L). Indeed, if ϕ is a Hom-Lie structure, and α is an
automorphism of L, then writing the Hom-Jacobi identity for the triple α(x), α(y), α(z), and then
applying to it the automorphism α−1, we get
[[x,y],α−1(ϕ(α(z)))]+ [[z,x],α−1(ϕ(α(y)))]+ [[y,x],α−1(ϕ(α(y)))] = 0
for any x,y,z ∈ L., i.e. α−1 ◦ϕ ◦α is also a Hom-Lie structure on L.
2. SIMPLE LIE ALGEBRAS OF CLASSICAL TYPE
Consider the 3-dimensional simple Lie algebra with the basis e−,h,e+ and multiplication table
[e−,h] =−e−, [e+,h] = e+, [e−,e+] = h.
Over a field of characteristic 6= 2, this algebra is isomorphic to sl(2). The computation of Hom-Lie
structures on this algebra is straightforward and was recorded several times in the literature; see, for
example, [MS, Proposition 7.1] or [XJL, Theorem 3.3(i)]. We record it also here for completeness and
further references.
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Proposition 1. As an sl(2)-module, HomLie(sl(2)) is isomorphic to the direct sum of the 5-dimensional
irreducible module and the one-dimensional trivial module.
Proof. The Hom-Lie equation for a linear map ϕ : sl(2)→ sl(2) is equivalent to
[h,ϕ(h)]+ [e−,ϕ(e+)]+ [e+,ϕ(e−)] = 0.
This removes 3 parameters from the 9-dimensional vector space End(sl(2)), so HomLie(sl(2)) is 6-
dimensional. The elements of the quotient HomLie(sl(2))/K idsl(2), being written as 3× 3 matrices in
the basis {e−,h,e+}, can be represented as additive equivalence classes, modulo identity matrix, of
matrices of the form 
α β γδ 0 β
ε δ α


where α,β ,γ,δ ,ε ∈K. Elementary computations show then that, as an sl(2)-module, this 5-dimensional
space is isomorphic to the irreducible (highest weight) module. Since representations of sl(2) are com-
pletely irreducible, Hom(sl(2)) decomposes as the direct sum of this module and the one-dimensional
trivial module. 
Till the end of this section, g denotes a finite-dimensional simple Lie algebra of classical type (this,
of course, includes all finite-dimensional simple Lie algebras over an algebraically closed field of char-
acteristic zero), not isomorphic to sl(2) .
Theorem 1. HomLie(g) = K idg.
As was noted in the introduction, this was already established in [XJL]. We will provide two al-
ternative proofs of this theorem, one basing on properties of root systems, and another one utilizing
connection with other invariants of g, such as 2-cocycles and generalized derivations.
First proof. Let ℓ > 1 be the rank of g. Assuming the standard root space decomposition g = H ⊕⊕
α∈RKeα with respect to a Cartan subalgebra H of g, consider the induced decomposition (4). Let
ϕ ∈ HomLieσ (g) for σ 6= 0.
Suppose first that ϕ(H) = 0. Let α ∈ R be an arbitrary root. If α +σ 6∈ R, then ϕ(eα) = 0. If
α + σ ∈ R, then α is linearly independent with σ . Pick h ∈ H such that α(h) = 0 and σ(h) 6= 0.
Then the Hom-Jacobi identity for triple h,eα ,e−σ yields [e−σ ,ϕ(eα)] = 0. As ϕ(eα) ∈ Keα+σ , and
[e−σ ,eα+σ ] 6= 0, we have in this case ϕ(eα) = 0 as well, and ϕ vanishes.
Suppose now that ϕ(H) 6= 0. We have ϕ(h) = f (h)eσ for any h ∈ H and some nonzero linear map
f : g → K. Normalize f by decomposing H as the direct sum of vector spaces H = Kh⊕H ′ for a
suitable h ∈ H such that f (h) = 1 and f (H ′) = 0. Then, the Hom-Jacobi identity for triples h,h′,eα and
h,h′,e−σ , where h
′ ∈ H ′ and α ∈ R such that σ +α ∈ R, implies α(h′) = 0 and σ(h′) = 0, respectively.
This, in turn, implies that the set of roots α ∈ R such that α +σ ∈ R is empty, an obvious contradiction.
Therefore, ϕ ∈ HomLie0(L), i.e. ϕ preserves the standard root space decomposition. The rest is easy
and follows, more or less, the line of reasonings in [JL]. The Hom-Jacobi identity for triple h,h′,eα ,
where h,h′ ∈ H and α ∈ R, implies
(5) α(h)α(ϕ(h′)) = α(h′)α(ϕ(h)).
Picking in this equality h′ such that α(h′) 6= 0, we get that ϕ(Kerα)⊆ Kerα . Consequently,
ϕ(
⋂
α∈S
Kerα)⊆
⋂
α∈S
Kerα
for any subset S ⊆ R. As for any nonzero h ∈ H one may choose ℓ− 1 roots α1, . . . ,αℓ−1 such that⋂
1≤i≤ℓ−1Kerαi = Kh, we have ϕ(h) = λ (h)h for some map λ : H → K. Now the equality (5) reads
α(h)α(h′)(λ (h)−λ (h′)) = 0
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for any h,h′ ∈H and α ∈ R, what implies that λ (·) is a constant map: λ (h) = λ for some λ ∈K. Writing
ϕ(eα) = λαeα for some λα ∈ K, the Hom-Jacobi identity for triple h ∈ H, eα ,eβ such that α +β ∈ R,
yields
α(h)(λ −λβ )+β (h)(λ −λα) = 0.
Picking h, α and β such that α(h) = 0 and β (h) 6= 0, we get λα = λ for any such α , and varying h, we
get λα = λ for any α ∈ R. Therefore, ϕ = λ idL. 
To provide a second proof of Theorem 1, we need a series of definitions and lemmas, some of them
could be of independent interest.
For a Lie algebra L, a bilinear map: ϕ : L×L→ K satisfying the 2-cocycle equation
ϕ([x,y],z)+ϕ([z,x],y)+ϕ([y,z],x) = 0
for any x,y,z∈ L, is called an asymmetric 2-cocycle (note that we do not require ϕ to be skew-symmetric,
like in the classical definition of the Chevalley–Eilenberg cohomology, or symmetric, like in [DZ]). The
vector space of all asymmetric 2-cocycles on L is denoted by Z2(L).
Lemma 2. Let L be a Lie algebra with a bilinear symmetric invariant form 〈·, ·〉, t ∈ L, and ϕ a Hom-
Lie structure on L. Then the map ft : L×L→ K defined by ft(x,y) = 〈ϕ(y), [x, t]〉 for x,y ∈ L, is an
asymmetric 2-cocycle on L.
Proof. Applying 〈·, t〉 to the both sides of the Hom-Jacobi identity, and using invariance of 〈·, ·〉, we get
the 2-cocycle equation for ft . 
Now, letting L be a Lie algebra and M an L-module, denote by QDer(L,M) the space of linear maps
D : L→M such that there exists another linear map FD : L→M satisfying the condition
D([x,y]) = y•FD(x)− x•FD(y)
for any x,y ∈ L, where • denotes the module action. Such maps are called quasiderivations (or some-
times generalized derivations) in the literature. In the special case where FD = δD for some fixed
δ ∈ K, they are called δ -derivations, and in the case δ =−1, antiderivations. All these generalizations
of derivations were studied extensively in the literature in the case M = L, the adjoint module; see, for
example, [F] and [LL], and references therein.
Let B(L) denote the space of bilinear maps ϕ : L×L→ K such that
ϕ([x,y],z) = ϕ([z,x],y)
for any x,y,z ∈ L.
Lemma 3. For any Lie algebra L, the following sequence is exact:
0→Z2(L)
u
→ QDer(L,L∗)
v
→ B(L),
where the maps u and v are defined as follows: for ϕ ∈ Z2(L),
(u(ϕ)(x))(y) = ϕ(x,y),
with
(Fu(ϕ)(x))(y) =−ϕ(y,x),
and for D ∈ QDer(L,L∗),
v(D)(x,y) = D(x)(y)+FD(y)(x)
for any x,y ∈ L.
Being restricted to skew-symmetric 2-cocycles, this exact sequence reduces to a well-known one,
which goes back to the classic works of Koszul and Hochschild–Serre, connecting the second coho-
mology of a Lie algebra L with coefficients in the trivial module H2(L,K), the first cohomology with
coefficients in the coadjoint module H1(L,L∗), and the space of symmetric invariant bilinear forms on
L. Being restricted to symmetric 2-cocycles, this exact sequence reduces to a “symmetric” analog of the
latter, relating the so-called commutative 2-cocycles and antiderivations (see [DZ, §1]). The proof of
HOM-LIE STRUCTURES ON KAC–MOODY ALGEBRAS 5
Lemma 3 is straightforward, repeating almost verbatim the proof of the latter symmetric analog, and is
omitted here.
Now we apply these lemmas to the specific case of simple Lie algebras of classical type with the
Killing form 〈·, ·〉.
Lemma 4. Z2(g) = B2(g,K). In particular, any asymmetric 2-cocycle on g is skew-symmetric.
(Here B2 denotes the usual space of Chevalley–Eilenberg 2-coboundaries).
Proof. By [LL, Corollary 4.14], QDer(g,g) = ad(g)⊕K idg. But since g
∗ ≃ g as g-modules, by Lemma
3 any asymmetric 2-cocycle ϕ on g has the form ϕ(x,y) = 〈[x, t]+λx,y〉, where x,y∈ g, and t and λ are
some fixed elements of g and K, respectively. An elementary computation shows that λ = 0, and hence
ϕ is skew-symmetric and coincides with a 2-coboundary on g. 
Second proof of Theorem 1. Let ϕ be a Hom-Lie structure on g. Combining Lemmas 2 and 4, we get
〈ϕ(y), [x, t]〉+ 〈ϕ(x), [y, t]〉= 0
for any x,y, t ∈ L. Using invariance and nondegeneracy of 〈·, ·〉, this equality is equivalent to
[ϕ(y),x]+ [ϕ(x),y] = 0.
Then by [LL, Theorem 5.23], ϕ is a scalar multiple of idg. 
Computations of Hom-Lie structures on both finite- and infinite-dimensional simple Lie algebras in
characteristic zero, suggest the following
Conjecture. If a simple finite-dimensional Lie algebra admits a nontrivial Hom-Lie structure, then it
is isomorphic either to a 3-dimensional simple algebra, or, in the case of positive characteristic, to the
Zassenhaus algebra.
If true, this conjecture will add to numerous characterizations of sl(2) and the Zassenhaus algebra
among simple Lie algebras, see [DZ, §2] and references therein.
3. TENSOR PRODUCT LIE ALGEBRAS
In [Z2, §4], Hom-Lie structures on current Lie algebras, i.e. Lie algebras of the form L⊗A, where L
is a Lie algebra, and A is an associative commutative algebra, subject to multiplication
[x⊗a,y⊗b] = [x,y]⊗ab,
where x,y ∈ L, a,b ∈ A, were described in terms of tensor factors L and A (subject to technical assump-
tion that one of L, A is finite-dimensional, and that A contains a unit):
(6) HomLie(L⊗A)≃ HomLie(L)⊗A+{ϕ ∈ End(L) | [[L,L],ϕ(L)] = 0}⊗End(A)
(a particular case of Lie algebras of the form g⊗C[t, t−1] was done, via direct computations, also in
[XJL]).
Current Lie algebras are particular case of the following construction, known from the operadic the-
ory: if A is an algebra over a binary quadratic operad P , B an algebra over the operad P ! Koszul dual
to P , then the tensor product A⊗B is a Lie algebra subject to multiplication defined by
[a⊗b,a′⊗b′] = aa′⊗bb′−a′a⊗b′b,
where a,a′ ∈ A, b,b′ ∈ B. This Lie algebra will be denoted by (A⊗B)(−).
An interesting question is to describe HomLie
(
(A⊗B)(−)
)
in terms of some invariants of A and B in
the case of arbitrary pair of Koszul dual binary quadratic operads, similarly to (6), which corresponds
to the pair of operads (Lie, associative commutative). If such description would be possible, it will
give at once description of Hom-Lie structures on many infinite-dimensional Lie algebras of physical
origin (Poisson brackets of hydrodynamic type, Heisenberg–Virasoro, Schro¨dinger–Virasoro, etc.), as
they can be represented as Lie algebras of the form (A⊗B)(−) for the pair of operads (left Novikov,
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right Novikov) – see [Z2, §5] and references therein, as well as for Lie algebras gln(A) of matrices over
an associative algebra A – what corresponds to the self-dual pair of operads (associative, associative).
However, we are able to answer this question only in a particular case, where one of the operads
is commutative, and another one is anticommutative. To formulate the result, we need to extend the
notion of Hom-Lie structure. Recently, it became popular to study Hom-algebras attached to various
varieties of (nonassociative) algebras, by “twisting” identities defining the respective varieties, similarly
how Hom-Jacobi identity is a twisted variant of the ordinary Jacobi identity (see, for example, [M] and
references therein). Following this trend, we will be interested, besides Hom-Lie algebras, in Hom-
cyclic algebras and Hom-2-nilpotent algebras, corresponding to the variety of cyclic algebras defined
by the identity
(ab)c= (ca)b,
and the variety of 2-nilpotent algebras defined by the identity
(ab)c= 0.
The corresponding “twisted” identities are Hom-cyclic:
(7) (ab)ϕ(c) = (ca)ϕ(b),
and Hom-2-nilpotent:
(8) (ab)ϕ(c) = 0.
However, we are shifting the emphasis a bit and consider the corresponding Hom-structures on an
arbitrary (nonassociative) algebra A. The vector spaces of the corresponding Hom-structures, that is, all
linear maps ϕ : A→ A satisfying the Hom-Jacobi identity
(ab)ϕ(c)+(ca)ϕ(b)+(bc)ϕ(a) = 0,
or the Hom-cyclic identity (7), or the Hom-2-nilpotent identity (8), will be denoted by HomLie(A),
HomCycl(A), or Hom2Nilp(A), respectively.
Theorem 2. Let P be a commutative binary quadratic operad, A an algebra over P , B an algebra
over P !, and one of A, B is finite-dimensional. Then
HomLie
(
(A⊗B)(−)
)
≃ HomLie(A)⊗HomCycl(B)+Hom2Nilp(A)⊗End(B)(9)
+ HomCycl(A)⊗HomLie(B)+End(A)⊗Hom2Nilp(B).
Proof. The proof follows closely the case of current Lie algebras treated in [Z2, Theorem 4]. An arbi-
trary linear map Φ : A⊗B→ A⊗B can be written in the form
Φ(x⊗a) = ∑
i∈I
αi(x)⊗βi(a),
where x ∈ A, a ∈ B, and αi : A→ A, βi : B→ B is a (finite) family of linear maps, indexed by a set I.
Note that since A is commutative, B is anticommutative, and the Hom-Jacobi identity for Φ takes the
form
(10) ∑
i∈I
(
(xy)αi(z)⊗ (ab)βi(c)+(zx)αi(y)⊗ (ca)βi(b)+(yz)αi(x)⊗ (bc)βi(a)
)
= 0
for any x,y,z ∈ A, a,b,c ∈ B.
Cyclically permuting in this equality x,y,z, and summing up the obtained 3 equalities, we get:
(11) ∑
i∈I
(
(xy)αi(z)+(zx)αi(y)+(yz)αi(x)
)
⊗
(
(ab)βi(c)+(ca)βi(b)+(bc)βi(a)
)
= 0.
Skew-symmetrizing the equality (10) with respect to x,y, we get:
(12) ∑
i∈I
(
(yz)αi(x)− (zx)αi(y)
)
⊗
(
(bc)βi(a)− (ca)βi(b)
)
= 0.
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Applying [Z1, Lemma 1.1] to the last two equalities, we may assume that the indexing set is parti-
tioned into the four subsets: I = I11 ∪ I12∪ I21 ∪ I22, each of them is characterized by the condition of
vanishing of one of the tensor factors in (11), and of one of the tensor factors in (12). Noting that these
vanishing conditions are exactly the Hom-Jacobi identities in the case of (11), and Hom-cyclic identities
in the case of (12), we may write:
αi ∈ HomLie(A); αi ∈ HomCycl(A) for i ∈ I11
αi ∈ HomLie(A); βi ∈ HomCycl(B) for i ∈ I12
αi ∈ HomCycl(A); βi ∈ HomLie(B) for i ∈ I21
βi ∈ HomLie(B); βi ∈ HomCycl(B) for i ∈ I22.
But for any algebra A,
HomLie(A)∩HomCycl(A) = Hom2Nilp(A).
It is easy to see then that each of the decomposable maps αi⊗βi for i∈ I11, i∈ I12, i∈ I21, i∈ I22 satisfies
the Hom-Jacobi identity (10), and the statement of the theorem follows. 
The isomorphism (6) is a particular case of (9): indeed, in the class of associative commutative
algebras with unit, Hom-cyclic structures are exactly multiplications by an element of the algebra, and
Hom-2-nilpotent structures vanish.
4. UNTWISTED KAC–MOODY ALGEBRAS
We employ the well-known realization of affine Kac–Moody algebras as untwisted and twisted ex-
tensions of current algebras of a particular type. In this section we will treat the untwisted case.
Let g be a finite-dimensional simple complex Lie algebra, and C[t, t−1] the algebra of Laurent poly-
nomials. Then an untwisted affine Kac–Moody algebra is the universal central extension (via the fa-
mous “Kac–Moody 2-cocycle”) of the current Lie algebra g⊗C[t, t−1] extended by the Euler derivation
idg⊗t
d
d t
. Accordingly, starting with a current Lie algebra, we will see how Hom-Lie structures change
first by extending the current algebra by derivation, and then by a central element. Our first task is to
determine Hom-Lie structures on Lie algebras of the form
(
g⊗C[t, t−1]
)
⊕
(
C idg⊗t
d
d t
)
(the direct sum is understood here in the category of vector spaces; in the category of Lie algebras,
this is a semidirect sum). We will treat a slightly more general case: semidirect sums of the form(
L⊗A
)
⊕
(
K idL⊗D
)
, where D acts on L⊗A by a derivation of the second tensor factor A.
Proposition 2. Let L be a Lie algebra satisfying the following conditions:
(i) L does not have abelian subalgebras of codimension 1;
(ii) the center of L is zero;
(iii) {x ∈ L | [[L,L],x] = 0}= 0.
Let A be an associative commutative algebra with unit and without zero divisors, one of L, A is finite-
dimensional, and D a derivation of A such that dimD(A)> 1. Then
HomLie
((
L⊗A
)
⊕
(
K idL⊗D
))
= K id(L⊗A)⊕(K idL⊗D) .
Proof. The proof based on the proof of [Z2, Theorem 4] (or the proof of a more general Theorem 2).
The restriction of a Hom-Lie structure Φ on
(
L⊗A
)
⊕
(
K idL⊗D
)
to L⊗A can be written as
Φ(x⊗a) = ∑
i∈I
ϕi(x)⊗αi(a)+∑
i∈J
λi(x)βi(a) idL⊗D,
where x ∈ L and a ∈ A, for some linear maps ϕi : L→ L, αi : A→ A, λi : L→ K, βi : A→ K.
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The Hom-Jacobi identity for triple x⊗a,y⊗b,z⊗ c then reads
∑
i∈I
(
[[x,y],ϕi(z)]⊗abαi(c)+ [[z,x],ϕi(y)]⊗ caαi(b)+ [[y,z],ϕi(x)]⊗bcαi(a)
)
+∑
i∈J
(
λi(z)[x,y]⊗βi(c)D(ab)+λi(y)[z,x]⊗βi(b)D(ca)+λi(x)[y,z]⊗βi(a)D(bc)
)
= 0
for any x,y,z ∈ L, a,b,c ∈ A.
Cyclically permuting in this equality x,y,z, and summing up the obtained 3 equalities, we get:
(13) ∑
i∈I
(
[[x,y],ϕi(z)]+ [[z,x],ϕi(y)]+ [[y,z],ϕi(x)]
)
⊗
(
abαi(c)+ caαi(b)+bcαi(a)
)
+∑
i∈J
(
λi(z)[x,y]+λi(y)[z,x]+λi(x)[y,z]
)
⊗
(
βi(c)D(ab)+βi(b)D(ca)+βi(a)D(bc)
)
= 0.
In the sum at the left-hand side of the last equality, either all the first tensor factors vanish, or a
nontrivial linear combination of the second tensor factors vanishes. If the second possibility holds, then
abα(c)+ caα(b)+bcα(a)+β (c)D(ab)+β (b)D(ca)+β (a)D(bc)= 0
for any a,b,c ∈ A, where α is a linear combination of αi’s and β is a linear combination of βi’s, at least
one of them is nontrivial.
In the last equality, expand the expressions containing D of the product of two elements via the
Leibniz formula, and substitute c= 1:
(14) abα(1)+aα(b)+bα(a)+
(
β (b)1+β (1)b
)
D(a)+
(
β (a)1+β (1)a
)
D(b) = 0.
Substituting here further a= b= 1, we get α(1) = 0. Substituting then b= 1, we get α =−2β (1)D,
and substituting this back to (14), we get
(15)
(
β (b)1−β (1)b
)
D(a)+
(
β (a)1−β (1)a
)
D(b) = 0.
Assuming in the last equality a= b, we get(
β (a)1−β (1)a
)
D(a) = 0.
Since A is without zero divisors, β (a)1= β (1)a for any a /∈ KerD. If β (1) 6= 0, this means that any
a /∈ KerD is a scalar multiple of 1, a contradiction. Hence β (1) = 0, α = 0, and the equality (15) takes
the form
β (b)D(a)+β (a)D(b) = 0.
If there is b ∈ A such that β (b) 6= 0, then for any a ∈ A, D(a) is a scalar multiple of D(b), a contra-
diction with the condition dimD(A)> 1. Hence both α and β vanish, again a contradiction.
Consequently, each first tensor factor in the sums at the left-hand side of (13) vanishes; that is, ϕi ∈
HomLie(L) for any i ∈ I, and
λi(z)[x,y]+λi(y)[z,x]+λi(x)[y,z] = 0
for any x,y,z∈ L and i ∈ J. Assuming in the latter equality x,y ∈Kerλi, we get λi(L)[Kerλi,Kerλi] = 0.
If λi 6= 0, then Kerλi is of codimension 1 in L, so it cannot be an abelian subalgebra, i.e. [Kerλi,Kerλi]
is not zero, and λi = 0, a contradiction.
Thus λi = 0 for any i ∈ J, Φ(L⊗A)⊆ L⊗A, and the restriction of Φ to L⊗A is a Hom-Lie structure
on L⊗A. Note that the condition (iii) on L in the statement of the proposition implies Hom2Nilp(L) = 0,
and thus by [Z2, Theorem 4] (formula (6) here; or by a more general Theorem 2) we have
Φ(x⊗a) = ∑
i∈I
ϕi(x)⊗aui,
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where x ∈ L, a ∈ A, for suitable ϕi ∈ HomLie(L) and ui ∈ A. Write
Φ(idL⊗D) = ∑
i∈K
ti⊗ vi+λ idL⊗D
for some linearly independent elements ti ∈ L, linearly independent elements vi ∈ A, and λ ∈ K. Then
the Hom-Jacobi identity for triple x⊗a, y⊗b, idL⊗D is equivalent to
(16) ∑
i∈K
[[x,y], ti]⊗abvi+λ [x,y]⊗D(ab)+∑
i∈I
(
[y,ϕi(x)]⊗aD(b)ui− [x,ϕi(y)]⊗D(a)bui
)
= 0
for any x,y ∈ L and a,b ∈ A.
Substituting here a= b= 1 yields
∑
i∈K
[[x,y], ti]⊗ vi = 0.
Since vi’s are linearly independent, [[x,y], ti] = 0 and hence ti = 0 for any i ∈ K. Taking in the remain-
der of equality (16) b= 1, we get:
λ [x,y]⊗D(a)−∑
i∈I
[x,ϕi(y)]⊗D(a)ui = 0.
Consider the quotient of the last equality in the quotient vector space End(L)/K idL⊗End(A):
∑
i∈I
[x,ϕ i(y)]⊗D(a)ui = 0,
where ϕ i is the equivalence class of ϕi. Since A is without zero divisors, the vanishing of the second
tensor factors here implies ui = 0, hence all the first tensor factor vanish. Since the center of L is zero,
this implies ϕ i = 0, i.e. ϕi is a scalar multiple of idL for each i ∈ I. Consequently, Φ(x⊗a) = x⊗au for
some u ∈ A, and the Hom-Jacobi identity (16) reduces to
[x,y]⊗D(ab)(λ1−u) = 0.
Then again, since A is without zero divisors, u= λ1, and Φ is a scalar multiple of id(L⊗A)⊕(idL⊗D). 
Now we will use this result to determine Hom-Lie structures on an affine untwisted Kac–Moody
algebra (
g⊗C[t, t−1]
)
⊕
(
C idg⊗t
d
d t
)
⊕Cz,
where z is the central element, and multiplication on g⊗C[t, t−1] is twisted by the Kac–Moody 2-
cocycle, whose concrete form is immaterial for our purposes here.
As far as Hom-Lie structures are concerned, central extensions are dealt with easily. First, note that
for any Lie algebra L with a nonzero center Z(L ), any linear map L → Z(L ) is a Hom-Lie structure
on L . Such Hom-Lie structures will be called central.
Now let L̂ be a one-dimensional central extension of a Lie algebra L with the Lie bracket [ · , · ].
Write L̂ as the vector space direct sum L ⊕Kz, where z is the central element, with multiplication
{x,y}= [x,y]+ξ (x,y)z
where x,y ∈L , and ξ is a 2-cocycle on L . Writing a linear map ϕ : L̂ → L̂ as ϕ(x) = ψ(x)+λ (x)z
for x ∈L , and ϕ(z) = s+µz, where ψ ∈ End(L ), λ ∈L ∗, s ∈L , and µ ∈ K, the condition that ϕ is
a Hom-Lie structure in L̂ is equivalent to the following: ψ ∈HomLie(L ) with an additional condition
(17) ξ ([x,y],ψ(t))+ξ ([t,x],ψ(y))+ξ ([y, t],ψ(x))= 0
for any x,y, t ∈ L , [[L ,L ],s] = 0, and ξ ([L ,L ],s) = 0. (Not surprisingly, the “Hom-2-cocycle”
equation (17) appears in description of central extensions in the category of Hom-Lie algebras, see
[HLS, §2.4]).
Proposition 3. The space of Hom-Lie structures on an affine untwisted Kac–Moody algebra is linearly
spanned by central Hom-Lie structures and the identity map.
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Proof. Keeping notation of the discussion above, in our concrete situation
L =
(
g⊗C[t, t−1]
)
⊕
(
C idg⊗t
d
d t
)
.
By Proposition 2 any Hom-Lie structureψ on this algebra is a scalar multiple of the identity map, and the
Hom-2-cocycle equation (17) is satisfied trivially. Further, [L ,L ] = g⊗C[t, t−1], and a straightforward
computation shows that there are no nonzero elements s ∈L such that [[L ,L ],s] = 0. Thus any Hom-
Lie structure on L̂ is a linear combination of a scalar multiple of id
L̂
, and a linear map with values in
Kz. 
5. TWISTED KAC–MOODY ALGEBRAS
Let g =
⊕
i∈Z/nZ gi be a Z/nZ-grading of a finite-dimensional simple complex Lie algebra g (in
practice, n = 2 or 3). A twisted affine Kac–Moody algebra is an extension of the twisted current Lie
algebra
(18) L (g,n) =
⊕
i∈Z
gi(modn)⊗ t
i
by the Euler derivation, and by the central element.
Like in the untwisted case, we consider first the extension of the twisted current Lie algebra by the
Euler derivation:
L = L (g,n)⊕
(
C idg⊗ t
d
d t
)
.
Proposition 4. Let L be as above. Then HomLie(L ) = C idL .
Proof. The Euler derivation idg⊗t
d
dt
acts semisimply on L , with root spaces being exactly the homo-
geneous components in the grading (18) (the derivation itself, of course, goes to the zero component).
According to §1, we may consider only Hom-Lie structures shifting this grading by some integer. So let
Φ be a Hom-Lie structure on L shifting the grading (18) by an integer κ . We have then for any i ∈ Z:
Φ(x⊗ t i) = ϕ(x)⊗ t i+κ +λ (x) idg⊗t
d
d t
,
where x ∈ gi(modn), ϕ : g→ g is a linear map such that ϕ(gi(modn)) ⊆ g(i+κ)(modn), and λ : g→ C is a
linear map vanishing on all homogeneous components except of g−κ(modn). Also,
Φ(idg⊗t
d
d t
) = u⊗ tκ
if κ 6= 0, and
Φ(idg⊗t
d
d t
) = u⊗ tκ +λ idg⊗t
d
d t
if κ = 0, where λ ∈ C, and, in both cases, u ∈ gκ(modn).
The Hom-Jacobi identity for triple x⊗ t i, y⊗ t j, z⊗ tk yields
(19)
(
[[x,y],ϕ(z)]+ [[z,x],ϕ(y)]+ [[y,z],ϕ(x)]
)
⊗ t i+ j+k+κ
+(i+ j)λ (z)[x,y]⊗ t i+ j+(k+ i)λ (y)[z,x]⊗ tk+i+( j+ k)λ (x)[y,z]⊗ t j+k = 0
for any x ∈ gi(modn), y ∈ g j(modn), z ∈ gk(modn).
The Hom-Jacobi identity for triple x⊗ 1, y⊗ 1, idg⊗t
d
d t
yields [[x,y],u] = 0 for any x,y ∈ g0(modn),
and hence u= 0.
Assume first κ 6= 0. The Hom-Jacobi identity for triple x⊗ t i, where i 6= 0, y⊗ 1, idg⊗t
d
d t
, yields
[x,ϕ(y)] = 0 for any x ∈ gi(modn) and y ∈ g0(modn), what implies ϕ(g0(modn)) = 0. Setting in (19) i =
j = 0, we get the Hom-Jacobi identity for any triple of elements x,y ∈ g0(modn) and z ∈ g. This implies
[[x,y],ϕ(z)] = 0, and hence ϕ , and thus Φ, is identically zero.
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Consequently, we may assume κ = 0 (i.e., Φ preserves the grading of L ). Again, the Hom-Jacobi
identity for triple x⊗ t i, where i 6= 0, y⊗1, idg⊗t
d
d t
, yields
(20) λ [x,y]− [x,ϕ(y)]− iλ (y)x= 0
for any x∈ gi(modn) and y∈ g0(modn). Since λ (·) vanishes on a subspace g
′
0(modn) of g0(modn) of codimen-
sion 1, the last equality implies that [gi(modn),λy−ϕ(y)] = 0, and hence ϕ(y) = λy for any y∈ g
′
0(modn).
Moreover, setting in (19) i= j = k = 0, we get that the restriction of ϕ on g0(modn) is a Hom-Lie struc-
ture on g0(modn). Since g0(modn) is a simple Lie algebra (see table in [Ka, p. 129]), Theorem 1 implies
that the restriction of ϕ on g0(modn) coincides with λ idg0(modn) in all cases except of g0(modn) ≃ sl(2).
In the latter case, a quick glance at the matrix in the proof of Proposition 1 reveals that a Hom-Lie
structure on sl(2) coinciding with the multiple of the identity map on a subspace of codimension 1, has
to coincide with the same multiple on the whole algebra. Therefore, in all cases we have ϕ(y) = λy
for any y ∈ g0(modn). But then (20) implies that λ (·) vanishes on the whole g0(modn). The equality (19)
implies now that ϕ is a Hom-Lie structure on the whole g. Since g is not isomorphic to sl(2) (there are
no nontrivial cyclic gradings in this case; see [Ka, Chapter 8] for an explicit description of all possible
cases), ϕ = λ idg, and Φ = λ idL . 
Note that, unlike in the untwisted case, we employed here from the very beginning the specific struc-
ture of affine Kac-Moody algebras, without considering first a more general case of extended current
Lie algebras, like in Proposition 2. It is definitely possible to get a “twisted” analog of Proposition 2 by
considering a graded Lie algebra of the form
⊕
g∈G
(
Lg⊗Ag
)
, where L =
⊕
g∈GLg and A =
⊕
g∈GAg
are Lie and associative commutative algebra, respectively, graded by the same abelian group G, and its
derivation acting on the second tensor factors, subject to appropriate conditions. This, however, will
lead to quite cumbersome statements with even more cumbersome proofs, seemingly of much less in-
dependent interest than Proposition 2, so we have chosen to treat the twisted Kac–Moody case directly.
We arrive now at the main result of the paper:
Theorem 3. The space of Hom-Lie structures on an affine Kac–Moody algebra is linearly spanned by
central Hom-Lie structures and the identity map.
Proof. The nontwisted case is covered by Proposition 3, and the twisted case follows from Proposition 4
by the same reasonings about Hom-Lie structures on the central extension as in the proof of Proposition
3. 
Theorem 3 implies that if
ĝ= L (g,n)⊕
(
C idg⊗ t
d
d t
)
⊕Cz
is an affine Kac–Moody algebra – untwisted (for n= 1) or twisted (for n= 2,3) – then, as a ĝ-module,
HomLie(ĝ) is isomorphic to the direct sum of the dual module ĝ∗ (corresponding to Hom-Lie structures
of the form ĝ→ Cz), and the one-dimensional trivial module (corresponding to the scalar multiples of
the identity map).
Another easy consequence is the following
Corollary. The set of multiplicative Hom-Lie structures on an affine Kac–Moody algebra ĝ coincides
with
{idĝ+λβ |λ ∈ C}∪{λβ |λ ∈ C},
where the linear map β sends idg⊗t
d
dt
to z, and is zero on L (g,n)⊕Cz.
Proof. By Theorem 3, any Hom-Lie structure on ĝ is of the form µ idĝ+ψ for some linear map ψ : ĝ→
Cz, and µ ∈ C. Then the multiplicativity condition (2) yields ψ|L (g,n)⊕Cz = (µ
2−µ) idL (g,n)⊕Cz, and
hence ψ(L (g,n)) = 0, and either µ = 1 and ψ(z) = z, or µ = 0 and ψ(z) = 0. As ψ can map idg⊗t
d
dt
to an arbitrary multiple of z, the statement of the corollary follows. 
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It also also trivial to derive from here that the set of regular Hom-Lie structures on ĝ coincides with
{idĝ+λβ |λ ∈ C}. The latter statement can be also derived in an alternative way, by looking first at
automorphisms of ĝ (there is a wast literature devoted to description of automorphisms of affine Kac–
Moody algebras, see, for example, [KW, §4] and references therein), and singling out those which
satisfy the Hom-Jacobi identity.
6. JORDAN ALGEBRAS AND δ -DERIVATIONS
It was observed in [XJL] and [XL] that for all the cases computed so far, Hom-Lie structures on a
given Lie algebra L are closed with respect to Jordan product. That is, if ϕ,ψ ∈ HomLie(L), then
1
2
(ϕ ◦ψ +ψ ◦ϕ) ∈ HomLie(L),
so HomLie(L) forms a Jordan subalgebra of the Jordan algebra End(L)(+). Thus an interesting question
arises: to which degree this is a common phenomenon, and which Jordan algebras can be realized in
this way?
Some Lie algebras making appearance in this paper satisfy this property, and some are not. For
example, for current Lie algebras of the form g⊗A, Hom-Lie structures form a Jordan algebra. In-
deed, it follows from (6) that HomLie(g⊗A) ≃ HomLie(g)⊗A. As HomLie(g) is a Jordan algebra,
HomLie(g)⊗A is a “current” Jordan algebra (by Proposition 1 and Theorem 1, nontrivial only in the
case of g= sl(2), and in all other cases merely isomorphic to the associative commutative algebra A).
Hom-Lie structures on affine Kac–Moody Lie algebras, like for any Lie algebra whose Hom-Lie
structures are linearly spanned by the identity map and central Hom-Lie structures, are closed already
with respect to composition, so they form an associative (and hence Jordan) algebra.
On the other hand, it is possible to find examples of current Lie algebras L⊗A for which Hom-Lie
structures are not closed with respect to Jordan product. For example, assume that A contains a unit 1,
and, following again the formula (6), consider the Jordan product of two Hom-Lie structures of the form
ϕ ⊗1 and ψ ⊗α , where ϕ ∈ HomLie(L), ψ ∈ Hom2Nilp(L), and α ∈ End(A):
1
2
(ϕ ◦ψ +ψ ◦ϕ)⊗α.
Obviously, ψ ◦ϕ ∈ Hom2Nilp(L), and hence (ψ ◦ϕ)⊗α ∈ HomLie(L⊗A), so the question reduces
to whether (ϕ ◦ψ)⊗α is a Hom-Lie structure on L⊗A, i.e., whether
(21) [[x,y],ϕ(ψ(z))]⊗abα(c)+ [[z,x],ϕ(ψ(y))]⊗ caα(b)+ [[y,z],ϕ(ψ(x))]⊗bcα(a)= 0
holds for any x,y,z ∈ L and a,b,c ∈ A.
Taking A = K[t] (or, for that matter, any Z-graded algebra with sufficient number of nonzero graded
components), and monomials a,b,c ∈ K[t] of different degrees, it is always possible to manufacture α
in such a way that the degrees of polynomials abα(c), caα(b), bcα(a) will be different, and hence the
equality (21) reduces to [[L,L],ϕ(ψ(L))] = 0, i.e., to the question whether ϕ ◦ψ ∈ Hom2Nilp(L). Now
take L = 〈x,y | [x,y] = x〉, the two-dimensional nonabelian Lie algebra. Then HomLie(L) = End(L),
Hom2Nilp(L) = {ψ ∈ End(L) |ψ(L)⊆ 〈x〉}, and taking
ϕ :
x 7→ y
y 7→ 0
ψ :
x 7→ x
y 7→ 0
we have ϕ ◦ψ = ϕ /∈ Hom2Nilp(L).
Another, somewhat related to the above, question concerns δ -derivations. It is proved in [F, Proof of
Theorem 1] that for any δ 6= 0,1, any δ -derivation of a Lie algebra to itself is a Hom-Lie structure. On
the other hand, one may easily provide examples of Lie algebras for which not every Hom-Lie structure
is a δ -derivation. In a somewhat different vein, δ -derivation can be trivially put in the framework of
Hom-Lie structures by extending the underlying Lie algebra: namely, for any Lie algebra L and δ -
derivation D of L, δ 6= 0, the semidirect sum L⊕KD admits a Hom-Lie structure α by letting α act on
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L identically, and α(D) = 1δ D. We leave a thorough exploration of relationships between δ -derivations
and Hom-Lie structures to the future.
Finally, yet another interesting question is how Hom-Lie structures behave under deformations of Lie
algebras. In the case where Hom-Lie structures form a Jordan algebra, one may ask then how this fits
the deformation theory of Jordan algebras.
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